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Abstract. Surgery obstruction of a normal map to a simple Poincare pair {X,Y) 
lies in the relative surgery obstruction group L«(7ri(y) — > 7ri(X)). A well known 
result of Wall, the so called tt-tt theorem, states that in higher dimensions a normal 
map of a manifold with boundary to a simple Poincare pair with iti{X) = tti{Y) 
is normally bordant to a simple homotopy equivalence of pairs. In order to study 
normal maps to a manifold with a submanifold. Wall introduced surgery obstruction 
group for manifold pairs LP* and splitting obstruction groups LS, . In the present 
paper we formulate and prove for manifold pairs with boundaries the results which 
are similar to the tt-tt theorem. We give direct geometric proofs, which are based 
on the original statements of Wall's results and apply obtained results to investigate 
surgery on filtered manifolds. 



1. Introduction. 

The surgery obstruction groups L* (tt) were introduced by Wall in his fundamen- 
tal paper [7] . Let (/, 6) : M ^ X he a. normal map from a closed manifold M" to 
a simple Poincare complex X of formal dimension n where b : I'm — > ^ is a bundle 
map which covers f : M ^ X. Then an obstruction 9{b, f) e i„(7ri(X)) for the 
existence of a simple homotopy equivalence in the class of normal bordism of the 
map (/, b) is defined. 

Indeed, Wall defines L*-groups and describes surgery theory for the case of man- 
ifold n-ads. For example, an obstruction to surgery on the manifold pair lies in 
the relative surgery obstruction group L,(7ri(F) Tri{X)). Hence, if the map 
TTiiY) — >• iTi{X) is an isomorphism, then in high dimensions a normal map from 
a manifold with boundary to the simple Poincare pair is normally bordant to a 
simple homotopy equivalence of pairs. In [7, §4] Wall gives direct geometric proof 
of this " important special case" . 

The surgery obstruction groups and natural maps do not depend on the cat- 
egory of manifolds (see [6] and [7]). In the present paper we shall work in the 
category of topological manifolds. All results of this paper are transferred to Diff 
or PL-manifolds. 
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Let 5,^) be a codimension q manifold pair [6, §7.2]. Let 

(1) ^ i \, 

\ ^i{y) MX) ) 

be the pushout square of fundamental groups with orientations where S{^) is the 
boundary of the tubular neighborhood of F in X. 

The obstruction groups LP^{F) to surgery on the manifold pair (to obtain 
s-triangulation of the pair) are defined (see [7, §17E] and [6, §7.2]). A simple 
homotopy equivalence / : M — » X splits along a submanifold Y if it is homotopy 
equivalent to a map g which is an s-triangulation of the manifold pair {X,Y,^). 
The splitting obstruction groups LS^ (F) are defined in [6] and [7] . 

Let 

(2) {Y,dY)c{X,dX) 

be a codimension q manifold pair with boundaries (see [6, §7]). A normal map 

(3) {f,df):{M,dM)^{X,dX) 

is an s-triangulation of the manifold pair {X, Y) with boimdarics (dX, dY) if the 
maps f : M ^ X and df : dM — > dX are s-triangulations of the pairs {X, Y) and 
{dX, dY), respectively. 

In relg case wc consider normal maps (3) which are already split on the boundary. 
The surgery theory for this case was developed in [6] and [7]. In the re^o-case the 
obstructions to surgery on manifold pairs relatively the boundary lie in the group 
LPtf(F), and similarly for relg splitting obstruction (sec [6, pages 584-587]). 

In the present paper we consider surgery on manifold pairs with boundaries 
without fixing of maps on the boundary. To study surgery on filtered manifolds (see 
[1], [5], and [8]) wc need to know the geometric properties of smgcry on manifold 
pairs with boundaries. This is the special case of splitting theory for manifolds 
n-ads mentioned by Wall [7, page 136]. We give the exact statement and proof of 
TT — TT-theorem for various maps to a nianifoki pair with boundary. Then we apply 
obtained results to investigation of surgery on filtered manifolds. 

A manifold pair (2) with boundary defines a pair of closed manifolds dY C dX 
with a pushout square 

(MS{dO 7r,{dX\dY)\ 

(4) * = i i 

\MdY)) TTiidx) J 

of fundamental groups for the splitting problem. Here d£, is the restriction of ^ on 

the boimdary dY. 

A natural inclusion S : dX X induces a map of A : ^ F of squares of 
fundamental groups. 

Now we can formulate the main result of the paper. 
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Theorem. Let {Y'^^'^,dY) C {X'^,dX) be a codimension q manifold pair with 
boundary with n — q > 6. Let the map A be an isomorphism of the squares of 
fundamental groups. Under these conditions we have the following results. 

A) Any normal map (3) is normally bordant to an s-triangulation of {X,dX) 
which is split along {Y, dY) C {X, dX) . 

B) Any simple homotopy equivalence (3) of pairs is concordant to a simple ho- 
motopy equivalence to {X,dX) which is split along {Y,dY) C {X,dX). 

C) Let a normal map (3) define a simple homotopy equivalence of pairs 

f\iN,aN) : {N,dN)^{Y,dY) 

where N = f~^{Y), ON = f~^{dY) are transversal preimages. Then {f,df) is 
normally bordant to an s-triangulation of (X, dX) luhich is split along (Y, dY) C 
(X, dX) . Moreover, there exists a transversal to Y x I bordism 

F = {h; g, fo, fi) ■ {W; V, M, M') ^ {X x I;dX x I,X x {0}, X x {1}) 

for which the restriction hh-^(Yxi) is 

{f\{N,dN)) X Id : {N,dN) X / ^ {Y,dY) x I 

In section 2 we give necessary preliminary material. In section 3 we prove the 
theorem and apply our results to surgery on filtered manifolds. 

2. Preliminaries. 

We shall consider a case of topological manifolds and follow notations from [6, 
§7.2]. Let {X,Y,£^) be a codimension q manifold pair in the sense of Ranicki (see 
[6, §7.2]) i. e. a locally flat closed submanifold Y is given with a normal fibration 

^ = ^Ycx : Y ^ BTOPiq) 
with the associated {D'i,S'^~^) fibration 

and we have a decomposition of the closed manifold 

(5) X = E{0 Us(|) X\m. 

A topological normal map [6, §7.2] 

iif,b),{g,c)):{M,N)^{X,Y) 

to the manifold pair {X, F, ^)) is represented by a normal map (/, b) to the manifold 
X which is transversal to Y with A'' = f~^{Y), and (M, N) is a topological manifold 
pair with a normal fibration 

u-.N^-^Y-^ BTOPiq). 
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Additionaly the following conditions are satisfied: 

(i) the restriction 

{f,b)\N = ig,c):N^Y 

is a normal map; 

(ii) the restriction 

{f,b)\p = ih,d):{P,S{u))^{Z,S{0) 
is a normal map to the pair {Z, S{^)), where 

P = M\E{v), Z = X\E{0; 

(iii) the restriction 

coincides with the induced map 

{g,cy :Siu)^SiO, 

and if,b) = {g,cyuih,d). 

The normal maps to {X, Y, ^) are called t-triangulations of the manifold pair 
{X,Y). Note that the set of concordance classes of t-triangulations of the pair 
{X, Y, ^) coincides with the set of t-triangulations of the manifold X [6, Proposition 
7.2.3]. 

An s-triangulation of a manifold pair {X, F, ^) in topological category [6, p. 571] 
is a t-triangulation of this pair for which the maps 

(6) f :M^X, g:N^Y, and {P, S{i^)) ^ {Z, S{0) 

are simple homotopy equivalences (s-triangulations). 

For a codimension q manifold pair with boundaries (2) [6, p. 585] we have a 
normal fibration d^) over the pair (Y, dY) and, similarly to (5), a decomposition 

(7) {X, dX) = {E{0 Us(s) Z, E{dO Us(ao d+Z) 

where (Z; d+Z, S{0; SidS,)) is a manifold triad. Note here that d+Z = dX\E{d^). 

A topological normal map (4) of manifold pairs with boundaries provides a nor- 
mal fibration {iy,du) over the pair {N,dN) where {N,dN) = {f-^{Y),{df)-^idY)) 
[6, p. 570]. We have the following decomposition 

(8) (M, dM) = {E{u) Us(.) P, E{du) Us^a.) d+P) 

where {P; d+P, S{i'); S{di')) is a manifold triad. Recall, that two s-triangulations 
of the pair {X, dX) 

ifi, dfi) : {Mi, dMi) ^ {X, dX), i = 0, 1 

are concordant (see [7, §10] and [6, §7.1]) if there exists a simple homotopy equiv- 
alence of 4-ads 

(9) [h; g, /o, /i) : {W; V, Mq, Mi) {X x I;dX x I,X x {0}, X x {1}) 
with 

dV = dMoVJdMi. 
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3. Proof and Corollary. 

Consider the case A) of the theorem. A restriction of the map 
{f,df):{M,dM)^{X,dX) 
gives a normal map of pairs 

(10) <!> = /|5(.) : iS{u), S{du)) ^ (5(0, S{dO). 

The isomorphism A provides an isomorphism ni{S{dS^j) ni{S{S^)). Hence the 
normal map (f) = f\s(u) (10) of the pairs satisfies the conditions of tt — tt theorem of 
Wall [7, §4] and it is normally bordant to a simple homotopy equivalence of pairs. 
By [3, page 45] we can extend this bordism to obtain a normal bordism with the 
bottom map (/, df) and with the top a normal map 

{f,df):{M',dM')^{X,dX) 

with the properties similar to the map / and for which the restriction 

^' = /'|s(.') : {S{u'),S{du')) ^ {S{0,S{dO). 

is a simple homotopy equivalence of pairs. To avoid complicated notations we 
can suppose that the normal map (4) has the restriction ^ (10) which is a simple 

homotopy equivalence of pairs. 

Now the restriction of the map (/, df) gives a normal map of triads 

V = : {Eiiy); E{dv), S{v)- S{dv)) ^ {E{C); E{dO, S{0; S{dO). 

The restriction 

VIsM = <^ : {S{i^), S{d,^)) -> (5(0, S{dO) 

is the simple homotopy equivalence of pairs, and the isomorphism A provides the 
isomorphism iTi{E(d£,)) —>■ iti{E{^)). Hence the normal map ip satisfies the condi- 
tions of TT — TT theorem for the triad [7, Theorem 3.3] and it is normally bordant to 
a simple homotopy equivalence of triads by bordism ^ : V ^ E{^) x I relatively 
(5(i/), 5(9i/)) with the bottom map ^jJ : Vq = E{v) E{^). The restriction of 
($, V) to the S{u) is a trivial bordism 

0t :Q = 5(j.) x7^5(0 X/, M^,t) = i^{x),t), te/=[0,l]. 

We can attach the bordism V to the manifold M identifying Vq with E{u) to 
obtain a space A = V Ue(v) M. Since the restriction of $ to the bottom Vg — E{v) 
coincides with the map V = f\E{v) we obtain the map 

F = $U^/:A = F Ub(.) M ^ {E{£,) x /) \JE(^)y{o} X. 

In a similar way, the restriction of the map (/, df) gives a normal map of triads 

a = f\p: (P; d+P, S{v); S{dv)) ^ {Z; d+Z, 5(0; 5(^0), 
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for which the restrictfon 

a|5(.) = : {S{i^),S{du)) ^ {Si^),S{dO) 

is a simple homotopy equivalence of pairs. The isomorphism A provides an isomor- 
phism 7ri(9+Z) — > TTi{Z). Hence the normal map a is normally bordant to a simple 
homotopy equivalence of triads by bordism G -.W —> Z x I relatively {S{iy), S{du)) 
with the bottom map 

G\wo =a = f\p:Wo = P^Z. 

Wc can attach W to the space A to obtain a space A Uqup W. The restriction 
G\wo coinsides with the map a = f\p and bordism maps F and G coincides on Q. 
Thus we obtain a bordism 

(11) Q: AUqupW X X I 

where the map V, extends the maps F and G. By our construction, on the top of 
the bordism (11) we obtain the map 

{f,df):{M',dM')^{X,dX) 

for which the restrictions give the simple homotopy equivalences of triads 

{E{u'y, E{dv'), S{u')- S{du') ^ {E{£,)- E{dO, 5(0; S{d^)) 

and 

(P'; d+P', S{u'y, S{du')) ^ {Z; d+Z, 5(0; 5(90), 

where 

{M\dM') = iE{iy') Usi.') P\E{dv') Usia.') P'+)- 

To finish the proof of A) we must verify only that the constituent maps /' : 
M' — > X and df : dM' — > dX are simple homotopy equivalences. 
The space M' is union of two parts 

P' Us(,,) E{v') 

with the intersection S{v'). The restrictions of / on these two parts and on the 
intersection are simple homotopy equivalences. Hence by [2, Theorem 23.1] the 
map /' : M' — » X is simple homotopy equivalence. For the map df the situation 
is similar since 

dM' = d+P' Us'(a.) E'{dv). 

The case A) is proved. 

Now consider the case B). The map (/, df) (4) is a simple homotopy equivalence 
of pairs. Since the map A is an isomorphism then by A) the map (/, df) is normally 
bordant to a map 

{f\df'):{M\dM')^{X,dX) 
which is split along (F, dY) c (X, dX). Thus we have a normal bordism 

^■.W ^Xxl, dW = Wo\JWi\JV 
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where 

Wo = M,Wi =M',V ='^~^{dX X /). 
The bordism {W, $) gives a normal map of manifold triads 

(12) {W\ V, Wo U Wv,dWQ U dWi) {X x I;dX x I,X x {0, 1}; dX x {0, 1}) 

which we shall denote by $, too. 

The restriction of the normal map $ on Wq U Wi is the simple homotopy equiv- 
alence of pairs 

{WoUWudWoUdWi) ^{X X {0, 1}; x {0, 1}). 
The fundamental group of the triad 

{X X I;dX X I,X X {0, 1}; dX x {0, 1}) 

is equal to 

/7ri(aXx {0,1})) Tri{dXxI)\ 

(13) Fi=\ I ^ ■ 

V 7ri(X x {0,1})) TTi{XxI) J 

The isomorphism A provides the isomorphism -jTi{dX) — » tti{X) and, hence, the 
vertical maps in the square (13) are isomorphisms of grouppoids. Hence the normal 
map of triads (12) satisfies the conditions of n — w theorem for triads relatively 

d2iX X /) = {{dX X {0, 1}) dX X {0, 1})) . 

Thus the map <I> (12) of triads is normally bordant relatively d2{X x 7) to a simple 

homotopy equivalence of triads 

$' : {W; V, Wo U Wi;dWo U dWi) {X x I;dX x I,X x {0, 1}; dX x {0, 1}) 
where 

$Vo = /, '^'\w^ = /' , <S>'\awo = df, = df. 

By our construction the map {f',df') is splitted along the pair {Y,dY) C 
{X, dX) and by (9) the map gives the concordance between (/, df) and (/', df). 
The part B) of the theorem is proved. 

In the case C) the map / is transversal to (Y, dY) and its restriction is a simple 
homotopy equivalence {N,dN) — > {Y,dY). Hence /|jv induces a simple homotopy 
equivalence of tubular neighborhoods with boundaries (see [7, page 8] and [6, page 
579]). We obtain a simple homotopy equivalence of triads 

^ : {E{iy)-E{diy),S{iy);Sidiy)) ^ {E{0; E{dO, S{0; S{dO) 
for which the restriction 

'>P\iN,dN) = .f\{NMN) 

is the simple homotopy equivalence of pairs. Now the result follows from consid- 
eration of the map a of triads from A) by the same arguments. The theorem is 
proved. □ 
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Now we apply obtained results to surgery on filtered manifolds (see [1], [4], [5], 
and [8]). At first we recall necessary definitins. 

Let c F"""? c X" be a triple of closed topological manifolds (see 

[4], [5], and [6]). We have the following topological normal bundles: ^ for the 
submanifold Y in X, r] for the submanifold Z in Y, and ly for the submanifold Z 
in X. Let {E{^), S{^)), {E{ri), S{ri)), and {E(iy), S{iy)), respectively, be the spaces 
with boundaries of associated (D* , S*~^) fibrations. We identify the space E{u) 
with the space £"(0 of the restriction ^\E{ri) in such a way that 

(14) S{,y)=E"{OuS'{0 

where E"{^) is the space of the restriction ^\s{rt) and S'{^) is the restriction of S{^) 
on E{ri) (see [1] and [5]). 
Let 

(15) {Xk, dXk) C {Xk-i,dXk-i) C • • • C (Xo, dXo) = {X, dX) 

be a filtration of a compact manifold {X, dX) by manofolds with boundaries (see 
[1], [5], and [8]). From now we shall assume that the dimension dimX^ > 6. 
The filtration (15) defines the filtration 

(16) dXk C dXk-i C---CdXo = dX 

of dX by c;loscd manifolds. Recall that any triple of manifolds from (15) and (16) 
satisfy properties that are similiar to (14) on the corresponding normal bundles. 
Additionaly, for every pair of manifolds with boundaries from (15) we have a de- 
composition that is similiar to (7). The filtration (15) defines a stratified manifold 
with boundary {X,dX) (see [1], [5], and [8]). 

Any topological normal map (3) defines the topological normal map to the filtra- 
tion (15) (see [5] and [8]). Let Mi be the transversal prcimage of the submanifold 
Xj. A topological normal map (3) is an s-triangulation of the filtration (15) if 
constituent normal maps 

/|(M„M,) : {Mj,Mi) ^ {Xj,Xi), 0<j<i<k 

are s-triangulations of the manifold pairs with boundaries {Xj,Xi). The stratified 
Browder-Quinn surgery obstruction groups L^''^ [X ,dX) are defined [1]. 

For {1 < i < k), let Fj be the square in the splitting problem for the manifol pair 
Xi C Xi^i, and be the similiar square for the closed manifold pair dXi C dXi-i. 
The natural inclusions of boundaries induce the maps 

for 1 <i < k. 

Corollary. Let all the maps Ai (1 < i < fc) be isom,orphisms. Then every normal 
map to the filtered space X is normally bordant to an s-triangulation of X and, 
hence, the group L^^{X,dX) is trivial. 

Proof. Denote by fk-i the restriction of the normal map / on the manifold Mk-i. 
By item A) of the theorem the map fk-i is normally bordant to an s-triangulation 
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gk-i of the pair {Xk-i, Xk). By [3] wo can extend this bordism to obtain a bordism 
F : W ^ X X I with a top normal map (<?, dg) to {X, dX) whose restriction on 
Mk-\ is the s-triangulation gu-i- 

Consider the resriction (17, dg)\Mk-2 for which the the restriction on Mk-i is the 
s-triangulation gt-i- By item C) of the theorem the map {g,dg)\Mk-2 normally 
bordant to a map gk-2 which is an s-triangulation of the pair (Xfc_2,Xfc-i) and 

5fe-2 |Mji_i = gk-1- 

Now, by applying item C) (A; — 1) time, we obtain a map 

{go,dgo):{M',dM')^{X,dX) 

with the following properties. For any Q < j <k — 1 the restriction of {go, dgo) on 
the transversal preimage of {Xj,Xj+i) is the s-triangulatin gj of the manifold pair 
with boundaries (Xj, Xj+i). If a normal map / : M — »■ X is an s-triangulation of 
the subfiltration 

(17) Xk-i C • • • C Xi C X 

and the restriction / is an s-triangulation of the pair {Xk-i,Xk), then by [5, 
Proposition 2.5], the map / is an s-triangulation of the filtartion (15) X. Now we 
can apply this result k — I times starting from the subfiltration Xi C Xq of the 
filtration X2 C Xi C Xq untill the subfiltration (17) of the filtartion (15). Corollary 
is proved. □ 
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